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DECONVOLUTION

The deconvolution problem

Suppose that we have nonnegative observations 71, ..., Z, from a distribution with density

ho(z) = /g(z —x)dFy(z), 2 > 0,

where g is a known decreasing continuous density on [0, 00) and Fj is the distribution function we want
to estimate.
F} has support, contained in [0, 00) (i.e., corresponds to nonnegative random variables).

The maximum likelihood estimator (MLE) F, of F, is obtained by maximizing the log likelihood

Zlog/g(ZZ- —x)dF(x),

over all distribution functions F'.

Conjecture in part 2 of Groeneboom and Wellner (1992): at an interior point t of the support of Fj:

3 LB () - Rt} — o7,

where Z is the location of the minimum of 2-sided Brownian motion plus a parabola.




DECONVOLUTION

An important step in proving the conjectured behavior in Groeneboom and Wellner (1992) is to write the

functional
/ g(t — z)dF(z)
z€[0,t)

in the form

A

G(0)Ex(t) — / {g(t — 2) — g(0)} dEy (o), 1)

z€(0,t)

and to show that a centerec{ version of fxe[o’ﬂ{g(t — x) — g(0)Y dE,(z) is of lower order than g(0)F,(t):
fxE[O t){g(t —x) — g(0)} dF,,(x) is a so-called smooth functional. Note that

G(0)Ey(t) = / L)

and that the only crucial difference of the latter integral with the integral in (1) is that the integrand of

the integral in (1) is continuous at © = t. We want in fact to prove that
[ttt =21~ g0} R @)~ [ (ot g0} dFi(a) = 0, (n12)
.Q?G[O,t) l’E[O,If)

whereas F,(t) itself will have the so-called “cube root” behavior.




REPRESENTATION OF FUNCTIONALS

Integral equations

Canonical approach: consider the functional
Ki(F) = [ {glt=a) - g0} dF ()
z€(0,t)
and let a, ;- solve the (adjoint, see below) equation
[Li(a)] () = E{ar(Z) | X =2}
— [ aurlalglz - 2)dz = {g(t ~ ) = 9(0)} Loy &) ~ Kl ), 2)
2>

where a; 1 has to be in the range of the score operator:

Jio brp(x)g(z — ) dF ()

If we could solve these equations for E),, we would have a representation of the following form:

CLLF(Z) = [LF(b)] (Z) == {th<X> ‘ X+Y = Z} = (3)

&@»JQM:/%M@Mm—MMA




REPRESENTATION OF FUNCTIONALS

“Argument”;
fmG[O,z] g(z o CC) bt,Fn (l’) dﬁn(x)
/ () (2 ):/ ) hp () dH,(2)
/ 0.00) /Z>x o H,(z) bt,Fn(x) dF,(z) = /:ce[o,oo) bt,ﬁn(x) dF,(z) =0,
and

[ s b - /tFnU/OZg(z_x)dFo(m)dz
/ooo /m a, 5, (2)9(z — v) dz dFy(2)

-/ ot =0 = g0 0 @) - Kt P} i
- /6[0 ){g(z — ) = g(0) Mo (@) dFo(x) — Ki(F)

= K,(Fy) — Ki(F).

Unfortunately, there is generally no b, ;. such that

f[o,z] bt’];ﬂn(:c)g(z — ) dﬁn(x)

0, 1,(2) = Bp, {b,(X) | X 4 =2} = e




REPRESENTATION OF FUNCTIONALS

Solution (first step): We introduce a right-continuous function 53, 7, such that

f[O,Z} g( ) de‘ Fn( )
hg, (2)

where B, ;. is no longer absolutely continuous w.r.t. F), and try again:

z2—x)b, ; xdﬁn:z:
Jananir- [ )fxe[oZ]m hA)()() ® it

/Om /. Zn‘x AH, (=) dB,, () £ 0

Difficulty: characterization of MLE F), tells us that

= a, ; (2), lim B, ;. (x) =0,

T—00

/ g(z — x) () = 1,
>z hp(2) ! =1, if x is a point of mass of F,,.
Solution (second step): Introduce a function Btﬁn that is constant on the same intervals as F), and equal

to B . at points of mass of E,. Then:

/ / 9= i1 (2)dB, ; (2) = lim B, (x) = lim B, ; (z) =0,
r€|0,00) J z22>x n o L=00 " "

T—00

and, hopefully, the following difference will be “small™

Z—ZU Z—ZU
/ / —— dH,(2) dBtFn / / ——dH,(z )dBtFn( T).
[0,00) J z>x n [0,00) J z>x n




REPRESENTATION OF FUNCTIONALS

Now:
KF) = K1) = [ (ot =) =g} aFife) - [ (ot 2) = g0} aFifo
= a, » |2 — V4 g(z_x) ’ Z B . — ; €T
= fastim—me s [ [ S a6 (B, - B )

Solution (third step): Prove that

[aws @t = 1) ) = [ aur()d (H,— o) (2) + 0,077,

That's the general plan!




THE INTEGRAL EQUATION

Example
We consider g(z) = 4(1 — )19 1j(x) and Fj the Uniform(0, 1) distribution. Then we get the following
. def
equation in ¢; g, (2) < me[O,z) g9(z — ) dB; g (x):

[ an@ae—a= [ 8 ooz = (gli—)— g0} le) - KR

= z=x ho(Z)
(4)
Writing ¢ = ¢y, and B = B, g, and a(x) = ¢(z)/ho(z) we get by differentiating:
r+1
—da(z) + 12/ a(z)(1+z—2)dz=12(1 —t +2)° - L (), v # 1, (5)
which leads to the following integral equation, using B(1) = 0,
B(w) = 3 [(1 + u — 22 B(u) du / B()(1+3— 2
-3 dz
ho(l') 2=x hO(Z)
g MUl 4w — 221+ 2 — 2)%dz
+ 9/ B(u / du
Ly e
! (14w — 21 +2 — 2)%dz
+ 9/ B(u / du
u=x ( > Z=u hO(’Z)

(1—t+aPlggya), @ £1.

[




THE INTEGRAL EQUATION

We can also write this integral equation in the following form:

Blx) — 3/;" Blu)(1 +u — 2)*du — 3hy(z) /: B(“xi(m — W
+ 9ho(z) /xo B(u) /: “(1+u— z)hél(;) T —z)*dz "
+ 9ho(x) / B(u) / T(14+u— Z)hél(;; r—z)dz g
= —3(1-t+ z)*ho(x) - Ly (), © # t.
Introducing the notation .
Crayla) = Cla) =

this can also be written as an integral equation in C'(x):
1

3 t 2 B y .
ho(l')/o Cu)(1+u—x)" dHy(u) S/lbe( )1+ 12d

. 14w —2)%1+2 — 2)2dz
—|—9/u0 C(u) /Zx e dHy(u)

1 = 2)2(1+ 2 — 2)%dz
L9 / Cw / } e dHo (1)

C(x) —

(1—1t+ ZC)Q . 1[0725)(:6), x #t.

]




THE INTEGRAL EQUATION

Lemma 1. Let By g, and Cy g, be the solutions of the integral equation (6) and (7), respectively.

(i) Bi g, is non-positive, bounded and continuous on [0,1] and By ,(0) = By g, (1) = 0. Moreover,
B r, has a bounded derivative at each point x € (0,1)\ {t}, a jump of size 2ho(t) at t, a finite

right derivative at x = 0 and a left derivative, equal to zero, at x = 1.

(11) Ct g, 1s non-positive and bounded on (0,1) with a bounded right limit at 0 and a left limit,
equal to zero, at 1. Moreover, Cy g, has a bounded derivative at each point x € (0,1)\ {t}, a
gump of size 3/4 at t, a finite right derivative at x = 0 and a left derivative, equal to zero, at

r=1.

(111) at g, is bounded on (0,2) with a bounded right limit at 0 and a left limit, equal to zero, at 2.
Moreover, a; g, has a bounded derivative at each point z € (0,2) \ {t}, a jump of size 3/2 at

t, and finite right and left derivatives at z =0 and z = 2, respectively.




CURRENT STATUS

The current status model

“Hidden space” variables are (T}, X;), T;, X; € R, observations are: (T}, ;).
X is independent of T}, A; = 1yx,<7;1. The X are (unobservable) “failure times”.
(Relevant part of ) Log likelihood for the distribution function F' of X;:

n

> {Ailog F(T,) + (1= Ay)log (1 — F(T)))}- (8)

i=1
Define the empirical processes:
Vat)=n""> A, Vipt)=n') (1-4), teR,
Ti<t Ti<t

Then the log likelihood (8) for F', divided by n, can be written:

/log F(u) dVyi(u) + /10g{1 — F(u)} dVys(u). (9)




CURRENT STATUS

How can we determine the local behavior?

Problem: Unlike in /n-asymptotics, we do not have global convergence of the (rescaled) log likelihood
process.

The situation is therefore fundamentally different from (1-dimensional) right-censoring, where for example
the Kaplan-Meier estimator converges at y/n-rate and maximizes a process which converges globally after
rescaling.

But in the current situation we are lucky: convex minorant interpretation of the MLE.

Proposition 1. Let H,, be the greatest convex minorant of the (so-called) cusum diagram

(or cumulative sum diagram), consisting of the set of points
Po = {(Gu(t), Via(t)), t R}, Via(t) = n™" Y " Al oo y(T}) (10)
i=1

where G,(t) =nt 321 1—oon(Th) is the empirical distribution function of the observation times
T.....T,.
Then F), is an MLE iof and only if, at each observation point t = T;, Fn(t) is the left derivative

of H, at G,(t). Fn 1s uniquely determaned at each observation point 1.




CURRENT STATUS
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Figure 1: Cusum diagram. Simulation for n = 20. Observation df G of the T; and df F' of the X, are both uniform.




CURRENT STATUS

Local asymptotic behavior

Define
—n! Z (A= BT Lnen — Lmery | t ER. (11)

Let ¢y be such that 0 < Fjy(ty), G(ty) < 1, and let Fjy and G be continuously differentiable at ¢y, with
strictly positive derivatives fy(to) and g(ty), respectively.
Then we have a “Kim and Pollard (1990)-type lemma’:

W,(t) =0, (n ( 2/3) + o, ((t — tO)Q) , uniformly for |t — tg| < 6. (12)
After rescaling, the MLE F), is the slope of the convex minorant of the process
def . s
Un<t> < n2/3Wn (to +n 1/3t> +n 1/3 Z {FO(TZ) — Fo(to} {1{T¢§t} — 1{Ti§t0}} ,teR,

i=1
which converges to two-sided (scaled) Brownian motion with a parabolic drift. We can localize, due to

the fact that, for large ||, the drift in the process U, is dominated by the parabolic drift of

! Z {Fo(T)) = Folto} {Lyn<ty — Ly<igy  ~ 5folto)t”, n— o0,




CURRENT STATUS
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Figure 2: Locally rescaled cusum process (n'/? (G, (ty + n'/*t) — G,(to)) , Un(t)), with convex minorant, for n'/3|G,(to +n'/3t) —
Gu(to)] <1 and ¢ty = 0.5. Simulation with n = 10,000. Observation df G of the T; and df F of the X; are both uniform.




CURRENT STATUS

Local limit distribution of MLE F,

Using the “Kim and Pollard (1990)-type lemma™
W,.(t) = O, <n_2/3> + 0, ((t - t0)2) , uniformly for |t — tg| < 6,
we can “localize” the convex minorant and hence its derivative process, yielding the MLE F,.
Sketch of derivation of local limit distribution:
1. The localized cusum diagram
(nl/ i (Gn(to +n!3t) — to) , Un(t))
converges in distribution to the Brownian motion cusum diagram:
(g(to)t, U(t)), where U(t) = \/g(to) Fo(to) {1 — Folto)} W () + 3 fo(to)g(to)t?, t € R,

and where TV is two-sided Brownian motion.

2. Continuous mapping theorem: Convex minorant of localized cusum diagram converges in distribution

to convex minorant of Brownian cusum diagram.

3. Left-derivative of convex minorant of localized cusum diagram converges in distribution (in Skohorod
topology) to left-derivative of convex minorant of Brownian cusum diagram and n'/3{ F},(to) — Fy(to)}

is left-derivative of convex minorant of localized cusum diagram at zero.




COMPETING RISK WITH CURRENT STATUS DATA

Competing risk model

Generalization of the current status model to the situation where there are more failure causes.
Hidden space variables are (T}, X;,Y;), Y; is the failure cause.

Observations are: (T;, A1, ..., Aig), Ajp = 1ix,<7,v,—k}. Define:

n n K
Vnk(t> — n_l Z Az'kl(—oo,t] (Crz)7 Vn,K—i—l(t) - n_l Z (1 — Az—i—) 1(—oo,t] (CFZ), Ai—l— — Z Aik:
i=1 i=1 k=1
We want to estimate the subdistribution functions Fjy:
For(t) =P{X <t, Y=k}, k=1,... K.

The (relevant part of the) log likelihood for F' = (F1, ..., Fk), divided by n, is:

K K
> / log Fi,(w) dVi(u) + / log{l — Fy(u)}dV,xa(u),  Fp=> F.
k=1 k=1
The MLE (maximum likelihood estimator) E, = (Fnl, e FnK) can only be computed iteratively.

No direct convex minorant interpretation, as with the MLE for current status data.




COMPETING RISK WITH CURRENT STATUS DATA

Self-induced characterization

The MLE Fnk can be characterized as the left derivative of the greatest convex minorant of the self-induced

cusum diagram

Pk = { (G, (8), Vik(t), t € R}, V() = n” ZAM& o (13)

for k=1,..., K, where

— . 1 — z
Fn+ 1 Z . —;'1) (—o0,1] (CTZ)’ t < T(n)

Compare with ordinary current status, where F), is the left derivative of the greatest convex minorant of

the (not self-induced) cusum diagram
Pu={(Gult), Via(t), t € R}, Vin(t) = 1!} Ail oy (T3). (14)

Note:

Gpn+(t) + n! Z (T) 1(_OO¢]<TZ~>, t < T(n).

1=1




COMPETING RISK WITH CURRENT STATUS DATA
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Figure 3: Cusum diagram {(G, (t),Vui(t)), t € R}. Simulation for n = 100, K = 2. Fy(t) = (k/3){1 — e ™™}, T ~ Unif(0, 1.5).




HIiSTORY

Some history of work on the local rate

End of 2004: The following fact was proved.

Lemma 2. Let E, = (F,y, ..., Fog) be the MLE of Fy = (Fy, ..., Fog), and let Fy = S0 Fip
and, similarly, Fy. = 2521 Fox. Moreover, let, for a § € (0,1), [to — 0, ty + 5} be an interval on
which the components Fy, have continuous derivatives staying away from zero. Then there exists
for each ¢ >0 and M >0 an M; > 0 so that

P sup n'/?
€[—M,M]

Fn+(t0 +n_1/3t) — F0+(t0)‘ > Ml} <e, k=1,... K.

This is not enough! To get localization of the E;, we need that for ¢ outside a neighborhood of
order O(n='/3) of t, we can replace G (1) by

def . Fo (T,
GEH(t) - + n Z 1 — F()+ 1(*00¢](T75)’

up to terms of order o0,((t — ty)?) in the self-induced cusum diagram:

Pk = { (G, (0, Vi), t € R}, Vig(t) =™ ZAMI oo (15)

removing the self-inducedness of the coordinate Gﬁn+




HIiSTORY

Solution in September 2005: strengthening of Kim-Pollard-type lemma.
Lemma 3. (Global to local lemma for F,H) Let E, be the MLE and let, for a § € (0,1),

[to — 2\/5, to + 2\/3] be an interval on which the components Fy. have continuous derivatives

staying away from zero. Then, for allt € [ty — 6, ty + 0] we have:

E,(u) — F
/ ’ +<U)A 0_|_<U’ dGn(U) _ n—1/60p <n_1/2 \V |t . t0|3/2) 7 uniformly inte [t0—5, t0+5]
{lu—to|<|t—to|} 1 —F(u)

Note: /50, (n=/2 v |t — to['%) = Oy(n~23) if |t — to] = Oy(n ™).

Corollary 1. (Tightness of n'/*{F,(ty+ n~"/3t) — Fy(ty)}) Let the conditions of Lemma 3 be
satisfied. Then:

(1) (Replacement of G, by G, )
Gy (t) =GR, (t)+n 00, (n—1/2 V[t — to\?’/?), uniformly in ¢ € [ty — 6, to + d].
(ii) For each € >0 and M > 0 there exists an My > 0 so that

P sup 0! Fu(to+n ) - FOk(to)‘ >M y<e k=1,... K.
te[—M,M]|




HIiSTORY

cusumz2|, 2]

cusum2|, 1]

Figure 4: Localized cusum diagram {( 3(G () — Gpn+(t0)),n2/3 {an(t) — Vi (to) — ft Fou ( to )dG, , (u )}) te R} =

10,000. Red curve: n?/? [ {Fy(to) — For(u)} dGp, (). I t < to: [} {Fni(u) — For(to)} dGp, () f[t tO]{F — Fo(to)} dG, .




HIiSTORY

cusumz2], 2]

cusumz2|, 1]

Figure 5: Localized cusum diagram with G replaced by G, , to = 0.5,n = 10,000. Red curve: n?/3 f;{ﬁnl(u) — Foi(to)} dG Ry, (u). If
A def A
t <to: LZ{Fnl(u) — Fou(to)} dG . (u) = — Jitso n1 (W) — Fou(to)} dG Ry, (w).




SUMMARY OF GLOBAL TO LOCAL ARGUMENT

Summary of the global to local argument

The MLE maximizes a global criterion. To extract the local limit behavior from this, we have to use some

kind of characterization of the solution, for example a convex duality criterion.

1. In the case of simple current status data, this leads to a convex minorant characterization, which can

be used for the determining the local behavior of the MLE.

2. In the case of competing risk with current status data, this leads to a self-induced convex minorant
characterization, involving the sum Fn+ of the individual MLE estimators F}; for the several subdis-
tribution functions Fp;. To get localization of the Fnk we need that for ¢ outside a neighborhood of

-1/3 .
order O(n~"/") of &) we can replace G, (¢) by

def 1 Fo (T, z+
GF(H(t) = )+ n Z 1—F()+ 1(700,75](77),

up to terms of order o0,((t — ty)*) in the self-induced cusum diagram:

P = { (G, (0), Vi), t € R, Vis(t) =™ ZAml ot (T0), (16)

to get rid of the self-inducedness of the coordinate Gﬁn+ in the tightness argument.

This is accomplished by the global to local lemma.




LIMIT DISTRIBUTION FOR COMPETING RISK

Limit distribution for competing risk

e First prove uniqueness of the limiting process, using tightness argument (Hardest part!)
e Localize characterization of limit process.

e Take subsequences of localized processes, based on a samples of size n, on [—m,m|. By tightness
(using local rate result) there is a further subsequence that converges to some limit. Using a diagonal

argument, it follows that there is a limit on R. Here we go from local to global!

e By the continuous mapping theorem the limit must satisfy the limit characterization on [—m, m| for

each m € N.
e Letting m — oo gives existence of the limiting process (almost for free!)

e By uniqueness of the limiting process, all subsequences converge to the same limit




LIMIT DISTRIBUTION FOR COMPETING RISK
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