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In this paper, the estimation of a regression quantile function is studied. We consider
a linear regression model with dimension m, where m may be as large as the number of
observations n. As penalty on the quantile regression estimator, the sum of the absolute
value if its coefficients is used. We show that the estimator adapts to the unknown smooth-
ness of the underlying quantile regression function, as well as to unknown identifiablity
properties.

1. INTRODUCTION

Consider n ≥ 2 independent observations on a response variable Yi ∈ R and a covariable
xi ∈ X , i = 1, . . . , n. We study the estimation of the β-quantile g0(xi) of the distribution
of Yi given the covariable xi, for i = 1, . . . , n. Here, 0 < β < 1 is a given number,
chosen by the statistician. The quantile regression problem was introduced by [6]. There,
g0(x) is modelled as a linear function of a fixed (small) number of parameters. In this
paper, we propose a linear model with many parameters, say m, where m may be as large
as the number of observations n. Moreover, we do not require strong assumptions on
the distribution of the observations, in particular on the degree of identifiabililty of the
unknown regression function g0. Our aim is to construct an estimator that adapts to the
amount of parameters needed, as well as to identifiability properties of g0.

Let γ = γβ be the quantile regression loss function

γ(y) = β|y|l{y < 0}+ (1− β)|y|l{y ≥ 0}. (1)

Consider the empirical loss function

Γn(g) =
1

n

n∑
i=1

γ(Yi − g(xi)), (2)

and let

Γ(g) = EΓn(g) (3)

be the theoretical loss function. Here, and throughout, we regard the covariables x1, . . . , xn

as fixed (i.e., we work conditionally on the observed values of the covariables). It is then
easily seen that

g0 = arg min
g

Γ(g), (4)
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where the minimum is taken over the class of all functions g : X → R. More specifically,
let for i = 1, . . . , n,

Fi(y) = P(Yi ≤ y), y ∈ R, (5)

be the distribution function of Yi. Then, assuming the inverse of Fi at β exists, we have

g0(xi) = F−1
i (β) = arg min

c∈R
Eγ(Yi − c), i = 1, . . . , n. (6)

Now, the idea is to estimate g0 by using the empirical counterpart, i.e., the mini-
mizer of Γn. We then need to somehow control complexity, since the overall minimizer
arg ming Γn(g) just reproduces the data (Yi)

n
i=1. To avoid overfitting, one can add a penalty

pen(g) to the empirical loss function. The penalized quantile regression estimator is

ĝn = arg min
g∈G

{Γn(g) + pen(g)}. (7)

Here, G is an a priori model class, which may be the class of all functions g : X → R.

We now come to the description of the linear model, and the penalty. Let for j =
1, . . . ,m, ψj : X → R be given functions. We assume that ψ1, . . . , ψm are linearly
independent in L2(Qn), with Qn =

∑n
i=1 δxi

/n the empirical measure of the covariables.
(Thus in particular, we assume that m ≤ n). Take G as (a subset of) the linear functions

g = gα =
m∑

j=1

αjψj, α ∈ Rd. (8)

We let

Σn =
∫
ψψTdQn, (9)

where ψ = (ψ1, . . . , ψm)T : X → Rm. Denote the smallest eigenvalue of Σn as λ2
min, and

its largest eigenvalue as λ2
max. Invoke the normalization

λmax = 1. (10)

and choose the penalty

pen(gα) = λn

m∑
j=1

|αj|, (11)

with λn a regularization parameter, to be specified (see Theorem 1). We call (11) an
L1-penalty. It is closely related to soft-thresholding ([3]), and to the LASSO ([16,5]).
Note that with this penalty, the computation of the penalized quantile estimator is quite
feasible (using e.g. interior point methods, see also [14]).

In [7,8], total variation type penalties on the function g or on (first or higher order)
derivates of g are used. Asymptotic theory for such estimators can be found in [13]. These
estimators have local adaptive properties, but they may not be globally adaptive. Aiming
at a globally adaptive procedure (see Section 2 for more details), one may propose to use
model selection among a collection of linear (high-dimensional) models, and use a penalty
proportional to model dimension (AIC ([1]), BIC ([15]), etc.). However, it is not at all
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clear whether such an approach is robust against violations of regularity conditions on
the distribution of Yi, i = 1, . . . , n (for instance, the assumption of existence of Lebesgue
densities which are strictly positive near the β-quantile (assumption (i) in Theorem 4.2
of [6])). Such regularity conditions ensure quadratic behavior of the loss function near its
minimum. In our setup, the behavior near the minimum may be unknown.

Below, a general condition (13) on the identifiability of g0 is presented. Here, and in
the sequel, we use the notation

‖g‖2 =
n∑

i=1

g2(xi), g : X → R. (12)

Thus ‖ · ‖ is the L2(Qn)-norm.

Identifiability condition. There exists a strictly increasing function J : [0,∞) →
[0,∞) such that for all g ∈ G,

Γ(g)− Γ(g0) ≥ ‖g − g0‖J(‖g − g0‖). (13)

In the regular case, J is linear, so that Γ is quadratic. If e.g., J(ξ) decreases faster than
linear as ξ → 0, the regression function g0 is harder to identify. We call J the margin
function: it describes the sensitivity of Γ(·) to deviations from its minimum. Condition
(13) will be referred to as the margin condition.

An important point is that the function J will generally be unknown, and that it will also
be hard to estimate it with sufficient accuracy. Thus, we need a procedure which adapts to
all possible J . Note also that the amount of identifiability may depend on possible a priori
model assumptions, i.e., on the model class G for the regression function. We moreover
make the rather trivial observation that one may replace G by an appropriate smaller
class, but that one then has to take into account the (hopefully negligible) probability
that ĝn is not in the smaller class.

Example 1. Write ci = g0(xi) (so Fi(ci) = β), and suppose that there exists constants,
0 < ε < 1, σ > 0 and ρ > 0 such that

|Fi(c)− Fi(ci)| ≥ |c− ci|ρ/σρ, (14)

for all |c− ci| ≤ ε, i = 1, . . . , n. Then, for |c− ci| ≤ ε

Eγ(Yi − c)− Eγ(Yi − ci) = (c− ci)(Fi(c)− Fi(ci))

≥ |c− ci|1+ρ/σρ, i = 1, . . . , n. (15)

So then, when |g(xi)− g0(xi)| ≤ ε, for all i = 1, . . . , n, we have

Γ(g)− Γ(g0) ≥ ‖g − g0‖1+ρ̃/σρ, (16)

where ρ̃ = max(ρ, 1). Thus, then the margin condition (13) is met on the set

G0 = {g : max
i=1,...,n

|g(xi)− g0(xi)| ≤ ε}, (17)

with J the function J(ξ) = ξ1+ρ̃/σρ, ξ ≥ 0.
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We will show in Theorem 1 of Section 3 that the quantile estimator with L1-penalty
adapts to the smoothness of g0 as well as to the margin function J . In Section 2, we
will explain in some detail what we mean by adaptation. Theorem 2 of Section 3 shows
moreover that results can be extended to hold uniformly in β. In Section 4, we take a
brief look at the concept of smoothness, considered in general terms of approximation
theory. Section 5 presents the proof of Theorem 1 and Theorem 2.

2. THE ORACLE

Let the “dimension” of g = gα be

dg = #{αj 6= 0}. (18)

An “oracle” g∗c is

g∗c = arg min
g∈G

τ 2
c (g|g0). (19)

where

τ 2
c (g|g0) =

{
Γ(g)− Γ(g0) + 4c(λn/λmin)

√
dgJ

−1(4c(λn/λmin)
√
dg)
}
. (20)

Here λn is the regularization parameter, and c > 0 is a constant. Furthermore, we let
τ 2(g|g0) = τ 2

1 (g|g0), and we let g∗ = g∗1 be the oracle with constant c = 1. Its dimension
is denoted by d∗ = dg∗ . Note that g∗c depends on the regularization parameter λn. We
regard this parameter as to be chosen by the statistician, and hence it may not depend
on unknown quantities. In fact we will choose it as

λn = u

√
log n

n
, (21)

where u is equal, or larger than, some universal constant (see Theorem 1). The constant
c however is allowed to depend on unknown quantities, i.e., on the distribution of Yi,
i = 1, . . . , n. The constant 4 in our definition of τ 2

c is only there because it comes out of
our rough calculations in the proof of Theorem 1. It has no intrinsic meaning.

Now, we come to the question why we consider g∗ (more generally g∗c ) as an oracle. The
reason is that it represents the best trade-off, over all linear submodels, between “bias” and
“variance”, where we take the terminology in a very loose sense (“bias” corresponding
to “approximation error” and “variance” to “estimation error”). Of course, g∗ is non-
random, and in fact, the “estimation error” comes rather from the estimator one could
use if the set J ∗ (with cardinality d∗) of the non-zero coefficients of g∗ were known. Let
us give the heuristics here, without going into details.

Consider a d-dimensional model, with only the d coefficients in the index set J , with
cardinality d, possibly non-zero. Write

Gd = {g =
∑
j∈J

αjψj} ∩ G (22)

for this model class and let ĝn,d be the quantile estimator over this class, that is

ĝn,d = arg min
g∈Gd

Γn(g). (23)
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Let

g∗,d = arg min
g∈Gd

Γ(g) (24)

be the best approximation of g0 within the class Gd. Then rewriting

Γn(ĝn,d) ≤ Γn(g∗,d) (25)

gives

Γ(ĝn,d)− Γ(g0) ≤ −ν̂n,d + Γ(g∗,d)− Γ(g0), (26)

where

ν̂n,d = [Γn(ĝn,d)− Γn(g∗,d)]− [Γ(ĝn,d)− Γ(g∗,d)] (27)

is the “random part” of the problem. Now, empirical process theory (see e.g., [19,17],

and their references) gives that ν̂n,d behaves like
√
d/n‖ĝn,d− g∗,d‖, i.e. except on a set Ā,

with small probability P(Ā),

|ν̂n,d| ≤ C
√
d/n‖ĝn,d − g∗,d‖, (28)

where C is a constant depending on the distribution of the observations. After some
straightforward calculations, we see that except on the set Ā,

Γ(ĝn,d)− Γ(g0) ≤ 2τ̃ 2(g∗,d|g0) (29)

where

τ̃ 2(g|g0) = Γ(g)− Γ(g0) + C

√
d

n
J−1(2C

√
d

n
) (30)

(Similar arguments are used in the proof of Theorem 1, where more details are presented.)
So the best result (up to constants) are obtained for the class J∗ with cardinality d∗
corresponding to the non-zero coefficients of

g∗ = arg min τ̃ 2(g|g0). (31)

Thus we see that apart from constants and the
√

log n term, the function g∗ repre-
sents the ideal approximation of g0 by a linear model with smallest possible dimen-
sion, taking into account the “bias” term Γ(g) − Γ(g0) as well as the “variance” term

C
√
dg/nJ

−1(2C
√
dg/n).

3. ADAPTATION

This section provides our main results. We give explicit constants, so that the depen-
dencies on n, g0 and other quantities, is evident. We have however not attempted to
optimize these constants.

Theorem 1 below formulates an oracle inequality for the L1-penalized quantile estimator

ĝn = arg min
g∈G

{Γn(g) + pen(gα)} . (32)
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We took the terminology oracle inequality from [2], where a Gaussian sequence space
model is considered (and in that context stronger results are obtained). We recall that

G ⊆ {gα =
m∑

j=1

αjψj : α ∈ Rm}, (33)

and that

Γn(g) =
1

n

n∑
i=1

γ(Yi − g(xi)) (34)

is the quantile loss function, and

pen(gα) = λn

m∑
j=1

|αj| (35)

is the L1-penalty.

Theorem 1. Assume that G is a convex set and that the margin condition (13) holds

for each g ∈ G, and some strictly increasing function J . Take λn = (12 + u)2
√

log n/n,

with u ≥ 6. Then for n ≥ N , where N is such that λn/n + τ 2(g∗|g0) ≤ 1/8, and for any
0 < δ ≤ 1,

P

(
Γ(ĝn)− Γ(g0) ≥ (1 + δ)2

[
λn

n
+ τ ∗n(δ)2

])
≤ 64R2 exp[−u

2 log n

1024R2
], (36)

where

τ ∗n(δ)2 =

[
Γ(g∗)− Γ(g0) +

2

δ2

λn

λmin

√
d∗J−1(

4

δ

λn

λmin

√
d∗)

]
, (37)

and where R = 1 + ‖g∗ − g0‖.

The estimator can be computed for a whole path of values of λn and β simultaneously
(see [8] for a related problem). Note that the theorem allows one to immediatly obtain
simultaneous inequalities for all β in (say) the finite grid β ∈ {k/n, (k + 1)/n, . . . , (n −
k)/n}, k = nbtc, t ∈ (0, 1). It is in fact possible to extend Theorem 1 to hold uniformly
for all β in some domain of interest, say β ∈ B ⊂ (0, 1). This will be shown in Theorem
2.

Note that almost everything we have defined so far depends on β. For example, g0 = g0β,
Γn = Γn,β and Γ = Γβ. In the margin condition (13), J = Jβ will generally depend on β
as well. We will assume however that the same functions ψ1, . . . , ψm are used in the linear
model, and for simplicity also the same model class G. The oracle g∗β which minimizes

τ 2
β(g|g0,β) = {Γβ(g)− Γβ(g0,β) + 4(λn/λmin)

√
dgJ

−1
β (4c(λn/λmin)

√
dg)}, (38)

clearly also depends on β, as well as its dimension d∗β. (Here, we have a ambiguity in
notation as τ 2

c and g∗c were used in Section 2 with a different meaning, but we believe the
risk of confusion is small.) The L1-penalized β-quantile estimator will be denoted by ĝn,β.
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Theorem 2. Assume that G is a convex set and that the margin condition (13)
holds for strictly increasing functions Jβ, and for each g ∈ G and β ∈ B. Take λn = (12 +

u)2
√

log n/n, with u ≥ 6. Then for n ≥ N , where N is such that λn/n+supβ∈B τ
2
β(g∗β|g0,β)

≤ 1/8, and for any 0 < δ ≤ 1,

P

(
Γβ(ĝn,β)− Γβ(g0,β) ≥ (1 + δ)2

[
λn

n
+ τ ∗n,β(δ)2

])
≤ 64R2 exp[−u

2 log n

1024R2
], (39)

where

τ ∗n,β(δ)2 =

[
Γβ(g∗β)− Γβ(g0,β) +

2

δ2

λn

λmin

√
d∗βJ

−1
β (

4

δ

λn

λmin

√
d∗β)

]
(40)

and where R = 1 + supβ∈B ‖g∗β − g0,β‖.

4. A TYPICAL EXAMPLE

In this section, we address the question what Theorem 1 has to say on adaptation
to smoothness. We again fix β ∈ (0, 1) and drop subscripts β in the notation. Let us
introduce a smoothness parameter s. For example, if g0 is a function of one variable x in
a bounded interval, say x ∈ [0, 1], one could describe the amount of smoothness by the
value of the squared Sobolev pseudo-norm,∫ 1

0
|g(s)

0 (x)|2dx, (41)

where g
(s)
0 is the s-th derivative of g0. More generally, in higher dimensional space X . the

smoothness s of a function g0 : X → R can be the effictive smoothness (such as (roughly)
the number of derivatives divided by the dimension of X ). The parameter s may also
be the smoothness parameter appearing in the definition of the Besov pseudo-norm, etc.
Here, we will not provide any approximation theory nor define the concept of smoothness
in any precise way. We simply assume that for some s, and c, and all d ≤ m,

inf
Gd

inf
g∈Gd

‖g − g0‖ ≤ cd−s. (42)

Here, the infimum is taken over the
(

m
d

)
d-dimensional spaces

Gd = {
∑
j∈J

αjψj} ∩ G, |J | = d. (43)

For smoothness classes where (42) is met, we refer to general work in approximation
theory, for example [12], or [4].

Let us now assume that the margin condition (13) is met with J(ξ) = ξr/σr, for ξ ≤ ε,
where r > 0, σ > 0 and ε > 0 (see also Example 1). Thus

Γ(g)− Γ(g0) ≥ ‖g − g0‖r+1/σr, g ∈ G, ‖g − g0‖ ≤ ε. (44)

Assume also the reverse holds for an appropriate constant η, i.e.,

Γ(g)− Γ(g0) ≤ ‖g − g0‖r+1/ηr, g ∈ G, ‖g − g0‖ ≤ ε. (45)
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We may assume that eventually ‖ĝn − g0‖ ≤ ε by convexity arguments, provided also
‖g∗ − g0‖ is small enough. The convexity argument is explained in [18] (it is also used in
the proof of Theorem 1).

The relevant expression appearing in Theorem 1 is the value τ ∗n(1)2 at g∗ of the quantity

Γ(g)− Γ(g0) + 2
λn

λmin

√
dgJ

−1(4
λn

λmin

√
dg) (46)

which can be bounded by

cr+1

ηr

(
‖g − g0‖−s(r+1) + (

4λn

λmin

)
r+1

r
σηr

cr+1
d

r+1
2r

g

)
. (47)

Taking (47) as starting point, The optimal trade-off has solution

d∗0 =
cr+1

ηr
arg min{d−s(r+1) + δnd

r+1
2r }, (48)

where

δn = (
4λn

λmin

)
r+1

r
σηr

cr+1
. (49)

This optimal value is

d∗0 = (
2rs

δn
)

2r
(2rs+1)(r+1) , (50)

where we tacitly assume that this is an integer. Inserting that value in (47) gives

Γ(g∗)− Γ(g0) + 2λn

√
d∗J−1(

4λn

λmin

√
d∗) ≤ cr+1

ηr
cr,sδ

2rs
2rs+1
n

=
cr+1

ηr
cr,s(

4λn

λmin

)
2s(r+1)
2rs+1 (

σηr

cr+1
)

2rs
2rs+1 . (51)

Here,

cr,s = (2rs)−
2rs

2rs+1 + (2rs)
1

2rs+1 . (52)

Thus, taking λn of order
√

log n
n

gives a rate of convergence of order

(
log n

n
)

s(r+1)
2rs+1 . (53)

For r = 1 this corresponds, up to the factor (log n)
2s

2s+1 , to the usual rate n−2s/(2s+1) for a
model of smoothness s.
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5. PROOFS

The proof of Theorem 1 is a modification of arguments used in [11]. Throughout the
proofs, we use the notation

νn(α) = [Γn(gα)− Γn(g∗)]− [Γ(gα)− Γ(g∗)], α ∈ Rm, (54)

for the empirical process, and

I(α) =
m∑

j=1

|αj|, α ∈ Rm, (55)

for the L1-norm. We furthermore write, for M > 0, R > 0,

AM,R = {α ∈ Rm : I(α− α∗) ≤M, ‖gα − g∗‖ ≤ R}. (56)

Lemma 3 and Lemma 4 study the “random part” of the problem: they provide a
probability inequality for the empirical process. Theorem 1 uses these lemmas to arrive
at its result. The proof Theorem 2 is established in a similar fashion, at the end of this
section.

Lemma 3. For all M > 0, R > 0, and u > 0, the following upper bound holds

P

 sup
α∈AM,R

|νn(α)| ≥ (12 + u)M

√
log n

n


≤ exp[−u

2((M2/R2) ∨ 1) log n

32
]. (57)

Here a ∨ b = max(a, b).
Proof. Define the random variable

Z = sup
α∈AM,R

|νn(α)|. (58)

Set

Ui(α) = γ(Yi − gα(xi))− γ(Yi − g∗(xi)), i = 1, . . . , n. (59)

Then (see [9]),

P(Z ≥ E(Z) + u) ≤ exp[−n
2u2

8b2n
], (60)

where b2n is assumed to satisfy

b2n ≥ sup
α∈AM,R

n∑
i=1

|Ui(α)− EUi(α)|2. (61)

But since γ is 1-Lipschitz,

|Ui(α)| ≤ |gα(xi)− g∗(xi)|, (62)
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so we may take

b2n ≤ sup
α∈AM,R

4n‖gα − g∗‖2 ≤ 4n(M2 ∧R2), (63)

where a ∧ b = min(a, b), and where we used the normalization λmax = 1, so that

‖gα − g∗‖2 ≤
m∑

j=1

(αj − α∗j )
2, (64)

and moreover,

m∑
j=1

(αj − α∗j )
2 ≤ I2(α− α∗). (65)

A symmetrization procedure (see e.g., [10] or [19]), yields that

E(Z) ≤ E

(
sup

α∈AM,R

| 1
n

n∑
i=1

εiUi(α)|
)
, (66)

where ε1, . . . , εn are Rademacher random variables. Because γ is 1-Lipschitz, we can apply
the contraction principle ([10], Theorem 4.12)), which gives

E

(
sup

α∈AM,R

| 1
n

n∑
i=1

εiUi(α)|
)
≤ 2E

(
sup

α∈AM,R

| 1
n

n∑
i=1

εi(gα(xi)− g∗(xi))|
)

≤ 2ME

 max
j=1,...,m

| 1
n

m∑
j=1

εjψj(xi)|

 . (67)

Now, ‖ψj‖ ≤ 1 for all j = 1, . . . ,m, because λmax = 1. Applying results in [19] (Chapter
2.2), we arrive at the bound

E

 max
j=1,...,m

| 1
n

m∑
j=1

εjψj(xi)|

 ≤ 6

√
log n

n
. (68)

As a consequence,

P(Z ≥ 12M

√
log n

n
+ u) ≤ exp[− nu2

32(M2 ∧R2)
]. (69)

Replacing u by uM
√

log n/n completes the proof. tu

Lemma 4. We have for all R ≥ 1 and u ≥ 6

P

 sup
‖gα−g∗‖≤R

|νn(α)|
I(α− α∗) + 1

n

> (12 + u)2

√
log n

n


≤ 4R2 exp[−u

2 log n

64R2
]. (70)
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Proof. First we consider the set where I(α− α∗) ≤ 1
n
. By Lemma 3,

P

 sup
α∈A 1

n ,R

|νn(α)| > (12 + u)
2

n

√
log n

n


≤ exp[−u

2 log n

32
]. (71)

Next, we consider (1/n) < I(α − α∗) ≤ 1. Take j0 as the smallest integer such that
j0 + 1 > log2 n. We find from Lemma 3,

P

 sup
1/n<I(α−α∗)≤1, ‖gα−g∗‖≤R

|νn(α)|
I(α− α∗)

> (12 + u)2

√
log n

n


≤

j0∑
j=0

P

 sup
α∈A

2−j ,R

|νn(α)| > (12 + u)2−j

√
log n

n


≤ (n+ 1) exp[−u

2 log n

32
] ≤ exp[−u

2 log n

64
]. (72)

Next, we consider the set where I(α− α∗) > 1. There

P

 sup
I(α−α∗)>1, ‖gα−g∗‖≤R

|νn(α)|
I(α− α∗)

> (12 + u)2

√
log n

n


≤

∞∑
j=0

P

 sup
α∈A

2j+1,R

|νn(α)| > (12 + u)2j+1

√
log n

n


≤

∞∑
j=0

exp[−u
222(j+1) log n

32R2
]

≤
∞∑

j=0

exp[−u
2(j + 2) log n

32R2
] ≤ 2R2 exp[−u

2 log n

32R2
]. (73)

tu
Proof of Theorem 1. First, suppose we already know that ‖ĝn − g∗‖ ≤ R̄, where we

take R̄ = 2 + 4‖g∗ − g0‖. Let A be the set

A = {|νn(α)| ≤ λnI(α− α∗) + λn/n, for all ‖gα − g∗‖ ≤ R̄}. (74)

Then by Lemma 4,

P(A) ≥ 1− 4R̄2 exp[−u
2 log n

64R̄2
]. (75)

So let us consider what happens on the set A.
Clearly, the inequality

Γn(ĝn) + λnI(α̂n) ≤ Γn(g∗) + λnI(α
∗) (76)

may be rewritten in the form

Γ(ĝn)− Γ(g0) ≤ −νn(α̂n)− λn[I(α̂n)− I(α∗)] + Γ(g∗)− Γ(g0). (77)
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So on A,

Γ(ĝn)− Γ(g0) ≤ λnI(α̂n − α∗) +
λn

n
− λn[I(α̂n)− I(α∗)] + Γ(g∗)− Γ(g0). (78)

Let J ∗ = {j : α∗j 6= 0}, and let for any α, I1(α) =
∑

j∈J ∗ |αj| and I2(α) =
∑

j /∈J ∗ |αj|.
Since I2(α− α∗) = I2(α), we now find

Γ(ĝn)− Γ(g0) ≤ λnI1(α̂n − α∗) + λnI2(α̂n)

−λn[I1(α̂n)− I1(α
∗)]− λnI2(α̂n) + Γ(g∗)− Γ(g0)

= λnI1(α̂n − α∗)− λn[I1(α̂n)− I1(α
∗)] + Γ(g∗)− Γ(g0). (79)

Since for any a, b ∈ R, |a| − |b| ≤ |a− b|, we arrive at

Γ(α̂n)− Γ(α0) ≤ 2λnI1(α̂n − α∗) + λn

n
+ Γ(α∗)− Γ(α0). (80)

Application of first the Cauchy-Schwarz inequality and the inequality
∑m

j=1(αj − α∗j )
2

≤ ‖gα − g∗‖2/λ2
min, and then the triangle inequality yields

Γ(ĝn)− Γ(g0) ≤ 2
λn

λmin

√
d∗‖ĝn − g∗‖+

λn

n
+ Γ(g∗)− Γ(g0)

≤ 2
λn

λmin

√
d∗‖ĝn − g0‖+ 2

λn

λmin

√
d∗‖g∗ − g0‖+

λn

n
+ Γ(g∗)− Γ(g0)

= I + II + III, (81)

where

I = 2
λn

λmin

√
d∗‖ĝn − g0‖, (82)

II = 2
λn

λmin

√
d∗‖g∗ − g0‖, (83)

and

III =
λn

n
+ Γ(g∗)− Γ(g0). (84)

If I ≥ δ(II + III) and invoking margin condition (13), we now obtain

‖ĝn − g0‖J(‖ĝn − g0‖) ≤ Γ(ĝn)− Γ(g0) ≤ 2(1 +
1

δ
)
λn

λmin

√
d∗‖ĝn − g0‖. (85)

This implies

‖ĝn − g0‖ ≤ J−1(2(
1 + δ

δ
)
λn

λmin

√
d∗) (86)

and hence

Γ(α̂n)− Γ(α0) ≤ 2(
1 + δ

δ
)
λn

λmin

√
d∗J−1(2(

1 + δ

δ
)
λn

λmin

√
d∗). (87)
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If II ≥ δ(III), we get (by condition (13))

‖g∗ − g0‖J(‖g∗ − g0‖) ≤ Γ(g∗)− Γ(g0) ≤
2

δ

λn

λmin

√
d∗‖g∗ − g0‖, (88)

which gives

‖g∗ − g0‖ ≤ J−1(
2

δ

λn

λmin

√
d∗). (89)

So then

II ≤ 2

δ

λn

λmin

√
d∗J−1(

2

δ

λn

λmin

√
d∗). (90)

So if I ≤ δ(II + III) and II ≥ δ(III),

Γ(ĝn)− Γ(g0) ≤ (1 + δ)(II + III)

≤ (1 + δ)(1 +
1

δ
)
2

δ

λn

λmin

√
d∗∗J−1(

2

δ

λn

λmin

√
d∗). (91)

Finally, if I ≤ δ(II + III) and II ≤ δ(III), we clearly have

Γ(ĝn)− Γ(g0) ≤ (1 + δ)(II + III) ≤ (1 + δ)2(III). (92)

We now come back to our starting point, namely the assumption ‖ĝn − g∗‖ ≤ R̄, with
R̄ = 2 + 4‖g∗ − g0‖. We may replace in the proof we have so far, the function ĝn by the
convex combination ĝn,t = tĝn +(1− t)g∗, where t = 1/(1+‖ĝn− g∗‖/R̄). This is because
clearly,

‖ĝn,t − g∗‖ ≤ R̄. (93)

and because (77) is also true when ĝn is replaced by ĝn,t. So, so far, we have shown that
(36) holds for ĝn,t instead of ĝn.

But now, for ĝn.t implies that (take δ = 1), on A,

‖ĝn,t − g0‖ ≤ 4(
λn

n
+ τ 2(g∗|g0)), (94)

which is less than 1/2 for n ≥ N . So then ‖ĝn,t−g∗‖ ≤ ‖ĝn,t−g0‖+‖g∗−g0‖ ≤ 1
2
+‖g∗−g0‖.

But then,

‖ĝn − g∗‖ ≤ (1 + ‖ĝn − g∗‖/R̄)(
1

2
+ ‖g∗ − g0‖)

≤ 1

2
+

3

4
‖ĝn − g∗‖+ ‖g∗ − g0‖, (95)

by our choice R̄ = 2 + 4‖g∗ − g0‖ ≥ 1 + 4‖g∗ − g0‖. And now we found that

‖ĝn − g∗‖ ≤ 2 + 4‖g∗ − g0‖ = R̄. (96)

Thus, our starting point is true on the set A. This completes the proof. tu
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Proof of Theorem 2. We go back to Lemma 3, and show it holds uniformly in β. To
this end, let us define

ĀM,R = {(α, ᾱ) : I(α− ᾱ) ≤M, ‖gα − gᾱ‖ ≤ R}. (97)

Let

wn,β(α) = Γn,β(gα)− Γβ(gα), α ∈ Rm. (98)

It is clear that

wn,β(α) = βv1,n(α) + (1− β)v2,n(α), (99)

where

v1,n(α) = l1,n(α)− l1(α), (100)

l1,n(α) =
1

n

n∑
i=1

|Yi − gα(xi)|l{Yi − gα(xi) < 0}, (101)

and

l1(α) = El1,n(α). (102)

Moreover,

v2,n(α) = l2,n(α)− l2(α), (103)

l2,n(α) =
1

n

n∑
i=1

|Yi − gα(xi)|l{Yi − gα(xi) ≥ 0}, (104)

and

l2(α) = El2,n(α). (105)

Now, define

Z1 = sup
(α,ᾱ)∈ĀM,R

|v1,n(α)− v1,n(ᾱ)|, (106)

and

Z2 = sup
(α,ᾱ)∈ĀM,R

|v2,n(α)− v2,n(ᾱ)|. (107)

Also, let

Z = sup
β∈B

sup
(α,ᾱ)∈ĀM,R

|wn,β(α)− wn,β(ᾱ)|. (108)

As in the proof of Lemma 3, one can show that EZ1 ≤ 12M
√

log n/n as well as EZ2 ≤
12M

√
log n/n. Thus also

EZ ≤ 12M
√

log n/n. (109)
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Arguing as in the proof of Lemma 3 and Lemma 4, we now arrive at a uniform in β version
of Lemma 4:

P

sup
β∈B

sup
‖gα−gᾱ‖≤R

|vn,β(α)− vn,β(ᾱ)|
I(α− ᾱ) + 1

n

> (12 + u)2

√
log n

n

 ≤ 4R2 exp[−u
2 log n

64R2
], (110)

for all R ≥ 1 and u ≥ 6.
Now, replace in the proof of Theorem 1, the set A by

{|vn,β(α)− vn,β(α∗β)| ≤ λnI(α− α∗β) + λ/n, for all ‖gα − g∗β‖ ≤ R̄ and all β ∈ B}, (111)

and proceed as there. tu
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