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We address the question how to choose the penalty in empirical risk minimization.
Roughly speaking, this penalty should be a good bound for the estimation error.
Main point is however that the estimation error depends on unknown parameters.
We discuss a nonlocal estimate of the estimation error. Moreover, we show that
the `1 penalty allows one to avoid explicitly estimating the estimation error.

The framework is as follows. Let the data X1, . . . , Xn be i.i.d. copies of a
random variable X ∈ X with distribution P . The empirical distribution is Pn =∑n

i=1 δXi
/n. We are interested in the parameter f0 ∈ Λ, (Λ, d) being a metric

space. This parameter f0 is defined as the minimizer of the theoretical loss R(f) :=
Pγf , f ∈ Λ, where γf : X → R is a given loss function. To estimate f0, we replace
R(f) by its empirical counterpart Rn(f) := Pnγf . Next, we choose a model class
F ⊂ Λ, and define the penalized empirical risk minimizer

f̂n = arg min
f∈F

Rn(f).

Generally, it is necessary to choose a model class F which is strictly smaller than
Λ. This is because Λ may be a very rich set, and empirical risk minimization over
Λ may lead to overfitting the data.

Given the model class F, the approximation error is defined as

B2
n = R(f∗)−R(f0),

where
f∗ = arg min

f∈F
R(f)

is the minimizer over the class F. The estimation error is

Vn = R(f̂n)−R(f∗).

The excess risk of f̂n is
R(f̂n)−R(f0).

Thus we have a “bias-variance” type decomposition for the excess risk:

R(f̂n)−R(f0) = B2
n + Vn.

Note that both the approximation error and the estimation error depend on
F. We express this by writing B2

n = B2
n(F) and Vn = Vn(F). Consider now a

collection of candidate models {F}. The optimal model Foracle is then the one
which optimally trades off approximation error and estimation error, i.e.,

Foracle = arg min
F∈{F}

{
B2

n(F) + Vn(F)
}
.

Our aim is to find an estimator that mimics this trade off.
The following elementary lemma tells us that we can bound the estimation error

by the empirical process νn, defined by νn(f) =
√
n(Rn(f)−R(f)).
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Elementary lemma 1. Let f̂n = arg minf∈FRn(f) and f∗ = arg minf∈FR(f).
Then we have the following bound for the estimation error Vn := R(f̂n)−R(f∗):

Vn ≤ −[νn(f̂n)− νn(f∗)]/
√
n.

The next lemma indicates that in penalized empirical risk minimization, one should
take the penalty, ˆpen(F), equal to a good bound for the estimation error.

Elementary lemma 2. Let f̂n(F) = arg minf∈FRn(f) and

F̂n = arg min
{F}

{
Rn(f̂n(F)) + ˆpen(F)

}
.

Fix some F∗ ∈ {F} and some f∗ ∈ F∗, and define the “approximation error”
B2

n(F∗) = R(f∗)−R(f0) and “estimation error bound”

(1) Vn(F) = −[νn(f̂n(F))− νn(f∗)]/
√
n.

Suppose that with probability at least 1− ε, we have

ˆpen(F) ≥ Vn(F), ∀ F.

Then with probability at least 1− ε,

R(f̂n(F̂n))−R(f0) ≤ B2
n(F∗) + ˆpen(F∗).

Concentration inequalities provide exponential probability inequalities for the
concentration of the supremum of the empirical process around its mean (see e.g.
[9]). One may now derive a nonlocal bound for Vn(F) defined in (1). Note first
that for a non-random choice of f∗,

EVn(F) = −Eνn(f̂n)]/
√
n ≤ E‖Rn −R‖F,

where we use the notation ‖ · ‖F for the sup-norm of a class of functions on F.
Moreover,

E‖Rn −R‖F ≤ 2E‖Rσ
n‖F,

with Rσ
n(f) =

∑n
i=1 σiγf (Xi)/n being the symmetrized version involving the

Rademacher sequence {σi}n
i=1. The latter is defined as a sequence of i.i.d. ran-

dom variables, independent of {Xi}n
i=1, with P(σi = 1) = P(σi = −1) = 1/2

(i = 1, . . . , n). Finally,

E‖Rσ
n‖F = EEX1,...,Xn

‖Rσ
n‖F,

where EX1,...,Xn
denotes conditional expectation given X1, . . . , Xn. Concentration

inequalities (see [5]) now tell us (under conditions) that, with probability 1− ε, up
to a n−1/2 term involving ε, 2EX1,...,Xn

‖Rσ
n‖F is a bound for Vn(F). If we use this

bound, it is rather difficult to get rid of the n−1/2 term and establish rates faster
than n−/12. The reason is that our estimate of the estimation error is a nonlocal
one.
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We will now illustrate that generally, the estimation error is smaller than
O(n−1/2). More details are e.g. in [3], [4], [5] and [8]. We introduce the following
two conditions, which both involve the same parameter 0 < β ≤ 1.

Margin condition. Let G =
∫ ·
0
g(x)dx, with g a strictly increasing function

on the positive halfline, having g(0) = 0. Suppose

R(f)−R(f0) ≥ G(dβ(f, f0)), ∀ f ∈ Λ.

Empirical process condition. Let f∗ = arg minf∈FR(f). Suppose that for
some positive constants dn and Cn, we have with probability at least 1− ε

sup
f∈F

|νn(f)− νn(f∗)|
dβ(f, f̃∗) + dβ

n

≤ Cn.

Lemma 3. Assume the margin condition and the empirical process condition.
Let f̂n = arg minf∈FRn(f), and B2

n = R(f∗) − R(f0). Let 0 < δ < 1. With
probability at least 1− ε, we have

R(f̂n)−R(f0) ≤
1 + δ

1− δ
{B2

n + Vn + n−1/2dβ
nCn},

where
Vn = 2δH(

Cn

δ
√
n

),

and H =
∫ ·
0
g−1(x)dx.

As a typical example, suppose we have β = 1 and that g is the identity. Then
G(x) = H(x) = x2/2, and we find

Vn =
C2

n

nδ
.

the constant C2
n is typically something like “dimension” or a more general measure

of “complexity” of F. If it does not grow too fast in n, and if in addition dn

decreases fast in n, we indeed arrive at estimation error of order smaller than
n−1/2.

It will be clear however that in general it is not obvious to verify the conditions,
as they depend on the underlying distribution. In particular, it is often not clear
what the function g is the margin condition. Thus, we do not know how large Vn

is. However, as is shown in literature (see for example [1], [2], [5], [6], [7], [11]),
there are ways to obtain a good local estimate.

We now turn to `1 penalization, to avoid the problem of unknown margin
behavior. Let γf = γ ◦ f , and suppose γ is convex, and Lipschitz with Lipschitz
constant 1. Suppose Λ ⊂ L2(ν), with ν some measure on X. Let Fm be a convex
subset of {fα =

∑m
k=1 αkψk}, where {ψk}m

k=1 ⊂ L2(ν) are given base functions.
We assume that m ≤ nD for some D ≥ 1. Also, we assume

max
k=1,...,m

‖ψk‖∞ ≤
√

n

log n
.
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We consider the estimator

f̂n = arg min
fα∈Fm

{Rn(fα) + λ̂n

m∑
k=1

|αk|}.

Here, we take

λ̂n ≥ 864Ψ̂nD

√
log n
n

,

with
Ψ̂2

n = max
k=1,...,n

Pnψ
2
k ∨ 42.

We let
Ψ2

0 = max
k=1,...,m

Pψ2
k ∨ 42,

and let λn be the theoretical counterpart of the smoothing parameter λ̂n, i.e.

λn = λ̂n
Ψ0

Ψ̂n

.

Now, our further conditions depend on the unknown underlying distribution,
so we call them non-verifiable conditions. Note however that our estimation pro-
cedure does not require them to be verifiable.

Non-verifiable conditions.
• The margin condition holds.
• It holds that ‖f − f̃‖2,ν ≤ dβ(f, f̃) for all f, f̃ ∈ Fm. Here β is from the margin
condition, and ‖ · ‖2,ν denotes the L2(ν)-norm.
• It holds that ‖f − f̃‖∞ ≤ Knd(f, f̃) ∨ 2 for all f, f̃ ∈ F. Here Kn is a sequence
satisfying a growth condition (see Theorem 4).
• For some diagonal matrix W = diag(w1, . . . , wm) of positive weights, the matrix
WΣνW has smallest eigenvalue equal to one. Here Σν =

∫
ψψT dν with ψ =

(ψ1, . . . , ψm)T .

We now define the “estimation error bound” as

Vn(α) = 2δH(18λnC(α)/δ),

with H =
∫ ·
0
g−1(x)dx, and with

C2(α) = D
∑

k:αk 6=0

w2
k.

Let

εn =
1 + δ

1− δ
min
fα∈F

{
R(fα)−R(f0) + Vn(α) + 2λn

√
log n
n

}
.

The following theorem is a generalization of the result in [10].

Theorem 4. Consider the estimator

f̂n = arg min
fα∈Fm

{Rn(fα) + λ̂n

m∑
k=1

|αk|}.
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Assume the non-verifiable conditions with growth rate condition Kβ
nG

−1(εn) ≤ 1.
Then there is a universal constant c, such that with probability at least 1 − c/n2,
we have

R(f̂n)−R(f0) ≤ εn.
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